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ABSTRACT 

With the help of the deformed Heisenberg algebra involving Klein operator, we construct 
the minimal set of linear differential equations for the (2+l)-dimensional relativistic field 
with arbitrary fractional spin, whose value is defined by the deformation parameter. 
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The considerable interest to the (2+l)-dimensional particles with fractional spin and 
statistics (anyons) is conditioned nowadays by their applications to the theory of 
planar physical phenomena: fractional quantum Hall effect and high-T c superconductivity 
0. Moreover, anyons attract a great attention due to their relationship with different 
theoretical fields of research such as conformal field theories, braid groups and deformed 
theories (see, e.g., refs. @-|§). 

From the field-theoretical point of view, such particles can be described in two, possibly 
related, ways. The first way consists in organizing a statistical interaction of the scalar or 
fermionic field with the Chern-Simons U(l) gauge field, that changes spin and statistics 
of the matter field. In this approach, the gauge field can be formally excluded from 
the theory due to their Lagrange equations (or corresponding Hamiltonian constraints), 
resulting in the anyonic permutation relations of the redefined matter field 0. But such 
an exclusion was intensively criticized, and, till now it is not clear whether the role of the 
Chern-Simons gauge field is reduced only to the change of the spin and statistics of the 
matter field, or there is some relic of the statistical gauge field in the theory || . 

Another, less developed way consists in attempting to describe anyons within the 
group-theoretical approach analogously to the case of integer and half-integer spin fields. 
The present paper is devoted to further development of this approach, whose program 
consists in constructing equations for (2+l)-dimensional fractional spin field, subsequent 
identifying corresponding field action and, finally, in realizing a quantization of the the- 
ory to reveal a fractional statistics. Within this approach, there are, in turn, two related 
possibilities: to use many-valued representations of the SO(2, 1) group, or to work with 
the infinite-dimensional unitary representations of its universal covering group, 5*0(2, 1) 
(or SL(2,R), isomorphic to it) ||. Up to now, only the equations were proposed for 



the fractional spin field within the former possibility [pf-|ll|, whereas different variants 



of the equations and field actions were constructed with the use of the unitary infinite- 



dimensional representations of SL(2,R) ||, [|T^]-[|T7|]. At the same time, the problem of 
quantizing the theory is still open here. The main difficulty in quantization consists in the 
infinite component nature of the fractional spin field which is used to describe in a covari- 
ant way one-dimensional irreducible representations of the (2+l)-dimensional quantum 
mechanical Poincare group I SO (2, 1) specified by the values of mass and arbitrary (fixed) 
spin. Due to this fact, an infinite set of the corresponding Hamiltonian constraints must 
be present in the theory to exclude an infinite number of the 'auxiliary' field degrees of 
freedom |J. This infinite set of constraints should appropriately be taken into account. 
But on the other hand, the infinite component nature of the fractional spin field indicates 
on the hidden nonlocal nature of the theory, and, therefore, can be considered in favour 
of the existence of the anyonic spin-statistics relation for the fractional spin fields within 
the framework of the group-theoretical approach ||, IS|. 



Relativistic field with arbitrary fractional spin s — ea, a > 0, e ± 1, can be described 
in this approach by the Klein-Gordon equation 

(P 2 + m 2 )^ = (1) 

and (2+l)-dimensional analog of the Majorana equation ||19 



(PJ - m)$ = 0. (2) 

Here it is supposed that the field \1/ = ^(x) transforms according to the infinite- 
dimensional unitary irreducible representation (UIR) of the discrete series £)+ or D~ 
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of the group SL(2,R), and J M , \i = 0, 1,2, are the generators of SL(2,R) in the corre- 
sponding representation, which satisfy the algebra 



[Jp, Jv] = -ie^xJ (3) 



and the condition of the irreducibility, J^J^ = — a(a — 1) [20|. Eqs. (|TJ) and (§) fix simply 
the values of the above-mentioned ISO(2, 1) Casimir operators, which are the operators 
of squared mass, M 2 = —P 2 , and spin, S = PJ/m, and moreover, they fix the energy 
sign: signP = ee', where e' = +1 and —1 for representations and D~, respectively 
H 0. These equations are completely independent, unlike, e.g., Dirac and Klein-Gordon 
equations for the case of spinor field, and, therefore, are not very suitable for constructing 
the action and quantum theory of the fractional spin field. 

In paper Jl3|] Jackiw and Nair constructed linear differential equations for the field 



with spin s — e(a — 1) using a direct product of the vector representation and the UIRs 



of the discrete series or D~, whereas in ref. |14| more simple set of the Majorana- 
Dirac equations were proposed for the field with spin s = e(a — 1/2) with the use of 
direct product of the spinor and representations. In both cases the Klein-Gordon 
equation was a consequence of the basic linear differential equations, but these equations 
comprised some subsidiary conditions, which had to be introduced into the corresponding 
field actions with Lagrange multipliers as some 'external' conditions. 

In paper [[0J Volkov, Sorokin and Tkach proposed the spinor-like set of two linear 



differential equations for the description of the spin-1/4 particles, whereas in ref. (TBI its 



supersymmetric extension was constructed to describe the supermultiplet with the spin 
content s — 1/4 and 3/4. It was done with the help of UIRs of the discrete series 
with a = 1/4 or 3/4. The generators J^ 1 in these two cases can be represented in the 
form of operators bilinear in the bosonic oscillator operators a^. It is this fact that allows 
to construct two equations for one spin-1/4 field as a 'square root' from the Majorana 
and Klein-Gordon equations, and to find a spinor representation of this formulation. But, 
since for the case of arbitrary values a the above-mentioned realization for J 11 in terms of 
the bosonic oscillator operators a ± is impossible, the natural question arises: is it possible 
to construct in any analogous way the equations for a field with arbitrary fractional spin? 

In recent paper [[IT] the vector set of three linear differential equations for a field 
with arbitrary fractional spin was constructed. There it was shown that any two of three 
equations are independent and that the complete vector set of equations is necessary 
only to have a covariant formulation. Besides, the proposed vector set of dependent 
equations allowed to demonstrate that only the representations of the discrete series 
are appropriate for the description of the fractional spin fields, whereas the possibility 
to use the infinite dimensional UIRs of the principal and additional continuous series of 
SL(2,R) |2(J is excluded. 

Therefore, the problem of constructing the minimal covariant set of linear differen- 
tial equations for the arbitrary fractional spin field is still open, and the present paper 
is devoted exactly to the solution of it. For the purpose we use here recently proposed 
realization of the generators J M in terms of the operators forming the deformed Heisen- 
brg algebra involving the Klein operator |21, [|], and construct the generalization of the 



spinor-like approach [T3| to the case of arbitrary fractional spin field. 



So, let us consider the deformed Heisenberg algebra [H, 21, 22 



1 + uQ, Q 2 = l, Qa ± + a ± Q = 0, (4) 
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with the self-conjugate Klein operator Q and mutually conjugate operators a and a + , 
and introduce the Fock-type vacuum, 

a - |0>=0, Q|0>=k|0>, <0|0>=1, 

where k — +1 or — 1. Then we get the action of the operator a + a~ on the states (a + ) ra |0 >, 

71= 0,1,..., 

a + a-{a + ) n \0 >= (n + - (l + (-1)" +1 ) uk \ (a + )"|0 > . 

Therefore, the space of unitary representation of algebra (§) is given by the complete set 
of the normalized vectors 




when vk > — 1. Note that since the number operator is given here by 

N = a + a~ - ^vk + ^vQ, N\e n >= n\e n >, 

one can write down the Klein operator in the form 

Q — k cos ttN, 

and obtain the transcendent equation for defining the operators N, and hence Q, in terms 
of the deformed creation and annihilation operators: 

ukcosttN = vk + 2(iV — a + a~). 

With the help of the deformed Heisenberg algebra one can construct the operators J M 

1 11 1 

Jo = -(a + a~ + a~a + ) = -a + a~ + -(1 + j/Q), J± = J\ ± zJ 2 = -(a 1 * 1 ) 2 , (6) 

which form the algebra @ of the generators of SL(2, R) group. The space of states (||) 
is divided into two subspaces spanned by the states \k > e and \k > Q : 

\k > e = \e 2 k >, \k > = \e 2 k+i >, Q\k > e ( G )= +(-)ac|A; > e ( ), k = 0, 1, ... , 

invariant with respect to the action of operators (^): 

Jo\ k > e (o) = (a e (o) + k)\k > e(o) , fc = 0, 1, 

J_|0 > e(o ) = 0, J±|fe > e ( o )0C | /C ± 1 > e(o ), fc = 1, . . . . (7) 

The operator 

takes the following values on these subspaces: 

J^J^\k > e(o )= -tt e (o)(a e (o) - 1)| A: > e (o), (8) 
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with 

1. 11 
a e = -(1 + v k) > 0, a Q = a e + ->-. (9) 

Relations (|7|) , (f|) mean that we have realized the UIRs of the discrete series D + e and D^ o 
of the group SL(2,R) on the subspaces spanned by \k > e and |/c > , respectively. The 
UIRs of the discrete series D~ ( } can be obtained from realization (Q) by means of the 
substitution 

Jo -> - Jo, J± -> -■/*, (10) 
and further, for the sake of simplicity, we shall consider only the case of representations 

In order to construct the equations for the arbitrary fractional spin field, we introduce 
the 7-matrices in the Majorana representation, 

(tV = -(*V, (7V = <(*V, (tV = <(AA 

which satisfy the relation 7^7^ = — gW + ie^ vXr j\. Here <r l , z = 1,2, 3, are the Pauli 
matrices, and raising and lowering the spinor indices is realized by the antisymmetric 
tensor e afj , e 12 = e 12 = 1: f a = f p ep a , f a = e a/3 f . 
Let us consider now the spinor operator 



*■-(;)■ 

constructed from the operators q and p, which are defined by the operators a^: 

± QTip 

and in correspondence with eq. (f|) satisfy the algebra 

[q,p]=i(l + vQ), Qq + qQ = Qp + pQ = 0. 
Taking into account equalities @, we find that the operators 



can be represented in the following form: 



Jo + J\ —J2 
—J2 Jo — J\ 



Jaf3 = -^{L a Lf3 + LpL a ). 



This equality means that operator (fLl|) is the 'square root' operator of the SL(2, R) 
generators @. 

With the help of operator ([TT|) , construct the spinor linear differential operator 

D a = Lf 3 ((P 1 )p a -eme f3a ), (12) 
where P M = — ic? M , e — ±1, and consider the spinor pair of equations 

£> Q ^ = 0. (13) 
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88 We suppose here that the field ^ = ^ e (x) or \I/ = ty (x), is decomposable into the 
series 

oo 

^e(o)(x) = J2'Pe(o)( X )\ k >e{o)- (14) 
k=0 

Operator (|i~2l) satisfies the relation 

D a D a = L a L a (P 2 + m 2 ), 

which together with the relation L a L a = — i(l + uQ) 7^ means that the Klein-Gordon 
equation (|1|) is the consequence of eqs. (pT3|). Moreover, due to the relation 

L a D a = -4i (pJ - em-(l + i/Q) 



we conclude that the fields \l/ e and \l/ satisfying eqs. (|Tq) , obey also the corresponding 
equations 

(PJ-£Q e m)$ e = 0, (15) 

?J-e(a -^(l + ^)j mj f o = 0. (16) 

Eq. fll5| ) is nothing else as the Majorana equation (fj). Taking into account eq. ([I]), and 
passing over to the rest frame P = in the momentum representation, we find with the 
help of eq. (|6|) that eq. ( |T5| ) has the solution of the form \I/ e oc 5(P° — em)5 (P)^°|0 > e , 



whereas eq. ([16]) has no nontrivial solution. Therefore, the pair of equations (|T3|) has 
nontrivial solutions only in the case ^ = \I/ e , i.e. when = describing the field with 
spin s = ea e and mass m. At v = 0, i.e. when [a~,a + ] = 1, eqs. (|13|) in correspondence 
with eqs. (Op, (|T5]), turn into Volkov-Sorokin-Tkach equations for a field \l/ e with spin 



1/4 • e jn| being analogous to (3+l)-dimensional Dirac positive-energy relativistic 



wave equations |23 



Thus, we have constructed the spinor-like system of linear differential equations (|T3| ) 
being the independent equations for the field \1/ = \I/ e with arbitrary fractional spin defined 
by the deformation parameter: s = e-^(1 + vk) 0. Eqs. ( p~3| ) are in fact the 'square root' 
of the Klein-Gordon and Majorana equations and they can be used as a starting point 
to construct the quantum theory of the anyons within the group-theoretical approach. In 
future publications we hope to investigate the problems of constructing the field action 
leading to equations flT3| ) and quantization of the theory, and, besides, we will consider the 
super symmetric extension of the proposed formulation for the arbitrary fractional spin 
field. 
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